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SMALL ENERGY SCATTERING FOR THE ZAKHAROV SYSTEM 

WITH RADIAL SYMMETRY 

ZIHUA GUOi'2, KENJI NAKANISHI^ 



Abstract. We prove small energy scattering for the 3D Zakharov system with 
C ' radial symmetry. The main ingredients are normal form reduction and the radial- 

improved Strichartz estimates. 



1. Introduction 



"*^ , In this paper, we consider the Cauchy problem for the 3D Zakharov system 



iii — Am 

h/a^ — An = — A|m| 



5 



with the initial data 

cn : 

>• . m(0,x) = Mo, n(0,x) = no, n(0,x) = ni, (1.2) 

G^ ■ 
'/^ I where ('U,n)(t,x) : R^+'^ — )■ C x M, and a > denotes the ion sound speed. It 

r^ I preserves 11^(^)11/^2 and the energy 

(N 



O' ^= / \^u\^ + - — ^^-n\u\^dx, (1.3) 



where D := a/— A, as well as the radial symmetry 

k> ■ {u,n){t,x) = {u,n){t,\x\). (1.4) 

c^ . We consider those solutions with such symmetry and finite energy, hence 

(Mo,no,ni) G Hl{R^) x Ll{R^) x H;\R^). (1.5) 

We are interested in the scattering for small data in the above function space, as it 
will open the possibility to discuss about global dynamics of general large solutions 
(under the radial symmetry). 

This system (II. ip was introduced by Zakharov [IH] as a mathematical model for 
the Langmuir turbulence in unmagnetized ionized plasma. It has been extensively 
studied. Local wellposedness (without symmetry) is well known. For example, the 
well-posedness in the energy space was proved in [3] for d = 2,3 and in [5] for d = 1. 
The improvement was obtained to the critical regularity in [5l |2] for d = 1,2, and 
to the full subcritical regularity in |5l [1] for d > 4, (i = 3. The well-posedness for 
the system on the torus was studied in [TTJ [8]. These results all follow from the 
iteration argument by using Bourgain's X'^'^ space. For the subsonic limit to NLS 
(as a — )■ oo), uniform local wellposedness and convergence to a NLS solution has 
been obtained in [TH [TTl [TJ E]- Concerning the long time and blow-up behavior. 
Merle [TU] obtained blow-up in finite or infinite time for negative energy, and the 
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scattering theory was studied in [121 US H] for prescribed asymptotic states (namely 
the final data problem) in weighted Sobolev spaces. 

The main difficulties for the scattering in the Sobolev space are derivative loss and 
slow dispersion of the wave equation together with the quadratic nonlinearity. Our 
idea is to combine the normal form technique, which was first used in a dispersive 



PDE context by Shatah jT5|, and the improved Strichartz estimate for radial func- 
tions that was obtained recently in [6]. The normal form transform was used in [13] 
for the Klein-Gordon-Zakharov system (that is the system where the Schrodinger 
equation is replaced with the Klein- Gordon) and they got the scattering from initial 
data small in weighted Sobolev spaces without symmetry. Their estimates rely on 
Klainerman's vector field method, which is not directly applicable to the standard 
Zakharov system (II. ip because of the mixed linear part. 

Theorem 1.1. //(mq, Uq, Ui) are all radial and is small enough in the norm of (II. 5p . 
then the solution {u,n) scatters in this space as t ^ ±oo. More precisely, there are 
unique solutions (m^, n^) of = iu^ — Au^ = ri^/a"^ — An^ satisfying 

hrn^ [Mt) - u^mni + \Ht) - n±(t)|U2 + \\hit) - n±(t)||^_i] = 0. (1.5) 

Remark 1. Global well-posedness (without symmetry) with small norm in the energy 
space was proved in [3|. The novelty of Theorem 11.11 is that the solution with radial 
symmetry also scatters. Our proof is much simpler than those analysis [121 [HI IH [IS] 
in weighted Sobolev spaces. 

2. Transform of equation 

This section is devoted to transform the equation by using the normal form. It is 
convenient first to change the system into first order as usual. Let 

N ■=n-iD-^n/a, (2.1) 

then n = KeN = [N + N)/2 and the equations for {u, N) are 



{idt - A)u = Nu/2 + Nu/2, 
{idt + aD)N = aD\u\'^. 



(2.2) 



One can easily see that 



\\n\\h + \\D-M\l^lo^'' = \\N\\l^. (2.3) 

and a free wave n{t) is transformed into a free wave N{t) = e**"'^A^(0). In our proof, 
the term Nu makes no essential difference from Nu, and hence for simplicity, we 
assume the nonlinear term in first equation of (12.20 is Nu. 

Now we introduce some notations. We use S{t), Wait) to denote the Schrodinger, 
wave semigroups: 

Let r/o : M — )■ [0,1] denote an radial smooth function supported in {|,^| < 8/5} 
and equal to 1 in {|^| < 5/4}. For fc e Z let Xk{0 = Vol^/2'') - r]o{i/2''-^) and 
X<k{0 = '70(^/2''). For A; G Z let Pk,P<k denote the operators on L^(M^) defined 

by Kuio = xkmHo, ^(0 = x<kmu{0- 
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For any pair of functions u and v, we use {uv)lh, {uv)hh, {uv)hl to denote the 
three different interactions 



[UV 



)lH ■= ^ P<k-5UPkV, {uv)hL ■= ^ PkUP<k-5V, {uv)hH ■= ^ Pk^uPk^V . 

kel feeZ |A;i-fc2|<4 

fci,fc2GZ 



To distinguish the resonant interaction, we also use 

(Wf )qL = ^ PkUP<k-5V, {uv)xL = ^ PkUP<k-5V 

|fc-log2a|<l, |fe-log2a|>l, 

keZ fegZ 

and similarly {uv)La, {uv)lx- It is obvious that we have 
UV = {uv)hh + {uv)lh + {uv)hl 

= {uv)hH + {uv)La + {uv)lX + {uv)aL + {uv)xL, 



(2.4) 



(2.5) 



and they are all radial if u, v are both radial. All these expressions should be 
understood as bilinear operators acting on u and f , rather than operators on the 
product UV. More explicitly, for any such index * = HH,HL,aL, etc., we denote 
the bilinear symbol (multiplier) by 

J^{uv)^ = / 'P*u(^ - 7])v{r])dr]. (2.6) 

Finite sum of those bilinear operators are denoted by the sum of indices: 

(Mt;)*^+*2+... = (wf )*i + (wf )*2 H • (2.7) 

From Duhamel's formula and taking a Fourier transform, we get that the first 
equation of (12. 2 p is equivalent to 



Jo Jo 

■.= 1 + 11 + in. 

Using the equation (12. 2p again, we get that 

dt{e-''\^\'u) = - ie-''\^\\N * m)(0, (2.8) 

9i(e-'"*l«liV) = - ^e-'°*l«la|e|(M * u){0. (2.9) 

Thus we have 

11 = -I f e'^'-'^\^\'VxLN{s,^ - v)u{s,v)dvds 
Jo 

= - 2e**l«l' f f PxLe*'"[e"''"'l^"^liV(s, ^ - v)] [e"'^''^'uis, ri)]drids, 

where the resonance function 

Lo:=~\^\^ + a\^-r]\ + \ri\^ (2.10) 

in the support of Vxl- '^'^|^^''7l~|^|^|^|; has the following size 

|u;|~|eP + a|e|. (2.11) 
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This means roughly that for the non- resonant interactions in Vxl-, we gain |^|~^ for 
high frequencies (|^| > 1), and lose |,^|^^ for low frequencies (|^| < 1), by the time 
integration. The gain for high frequencies has been used for the local wellposedness 
in the X^'^ spaces. In general, the lower frequencies can be more problematic in the 
scattering problems, but it will turn out that we can absorb |^|~^ by the Sobolev 
embedding. 

Thus from integration by parts, we get 

U = - e**l«l' I I VxLUJ~'dsie'''')e-"''^^-'^^N{s, ^ - r/)e-'^l''l'M(s, ri)dT]ds 
= - j VxlUJ-' [N{t, ^ - r])u{t, f]) - e**l«l'iV(0, ^ - r])u{0, r])]dr] 
- tt / /" PxLt^~^e'(*-^)l^l' 1^ - r/l H^(^ - ri)u{s, 7])d7]ds 
~\l [^''^'''^^^^''PxLUJ-'N{s,^~r]){N*u){7])d7]ds. 
We introduce a bilinear Fourier multiplier in the form 

n{f,g) = J^-' JVxLto-'f{^-v)9{v)dv- (2.12) 



Then we have 



jm^ 






Jo 2 Jq 



Thus we obtain 



u =S{t)uo + S{t)n{N, u){0) - n{N, u){t) - ia / S{t - s)n{D\u\', u){s)ds 

Jo 

-^ / S{t~s)QiN,Nu){s)ds-t [ S{t-s){Nu)LH+HH-,aLds. (2.13) 
^ Jo Jo 

For the second equation in (12. 2p . similarly, we can apply the normal form reduction 
for the high-low interaction, and then get that it is equivalent to 

N =Wait)No + Wo^it)Dn{u,u)iO) - Dn{u,u)it) - [ W^it - s)D{uu)HH+aL+Lads 

Jo 

t 

Wc^it - s){Dn{Nu,u) + Dn{u, Nu)){s)ds, (2.14) 



where f2 is a bilinear Fourier multiplier in the form 

mg) = ^-' [VXL-,LX ,^ ^^'f'}"^^ ,,M (2.15) 

J \i - w - \w - (^\i\ 
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It's easy to see that Q behaves "essentially" the same as Q. The transformed equa- 
tions look "roughly" (neglecting the difference between N and N), 

{tdt + D^){U - fi(iV, U)) = {Nu)LH+HH+aL + n{D\u\\ u) + fi(iV, Nu), 

(2.16) 
{idt + aD){N -DVL{u,u)) = D{uu)HH+aL+La + DVL{Nu,u) + DVL{u,Nu). 

In the normal form reduction, we didn't use the radial symmetry. We also remark 
that this reduction doesn't destroy the symmetry. 



3. StRICHARTZ ESTIMATES AND NONLINEAR ESTIMATES 

In this section, we introduce the Strichartz norm we need. Because of the qua- 
dratic term, our spaces rely heavily on the radial symmetry. The homogeneous 
Besov and the inhomogeneous Sobolev spaces on M'^ are defined respectively by 



vWb^ — l|2 '*-PfcV^||f9(Z;LP(R3)), IIv^IIhi — II (-D) v'||lp(]r3). (3.1) 



The L^-Sobolev spaces are denoted by H^ = B22, H^ = H2. For u and N, we use 
the radial- improved Strichartz norms 



ue{D)-\LrLlnL'BllX2), 



(3.2) 



for fixed < £ ^ 1, where g(-) is defined by 



lie , , 

such that we have the Sobolev embedding 

B;U,. ^ B^l.),,. {si>s,,p,>p,). (3.4) 

In particular, we have 

H^ = 5^3/4),. C eY;'^ C Bll% C L^. (3.5) 

From now on, the third exponent of the Besov space will be fixed to 2 and so omitted. 
The condition < e ^ 1 ensures that 

— < q{e) < 4 < q{-6) < cx), (3.6) 

such that the norms in (13. 2p are Strichartz-admissible for radial solutions. The 
Strichartz estimates that we will use are given in the following lemma, and refer to 
[6] for their proof as well as some preceding results. 

Lemma 3.1. Assume 0(x), f{t,x) are spatially radially symmetric in M.^ . Then 
(1) if {q,r), {q,r) both satisfy the Schrodinger-admissihle condition: 

2 5 5 
2 < g < 00, - + - < -; or{q,r) = (00, 2) 
q r 1 
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and q > 2, then 



||5(t)0|| „.a+| 3 <||0|U., 



S{t-s)f{s)ds 



rq-hqr 3 



< 

2 I 3_3 r-u 



3 2 3. 



^q'^-7 q 7 



(2) if {q,r), {q,r) both satisfy the wave- admissible condition: 



1 2 
2 < g < oo, - + - < 1; or (q,r) = (cx), 2) 
g r 



and q > 2, then 






L2, 



W«(t-s)/(s)rfs 



< 

ii 3_3 r^ 
rq r>q r 5 



3 13. 
t -"f/ 2 



^q'^7 9 r 



We intend to apply this lemma to the integral equations. Then in order to close 
the argument, we need to do some nonlinear estimates. 

3.1. Bilinear terms. The above Strichartz norms neatly fit in the bilinear terms 
on the right, which are partially resonant. Indeed we have 

Lemma 3.2. (1) For any N and u, the following estimates hold 

\\{Nu)lh\\lihi < \\N\\^, ^,, 4{D)u\\^, r/,+., 

t q(-e) t g(e) 

\\{Nu)hh\\lIhi ^ 11^11^2^-1/4-. II (/^)m||^2^i/4+.. 

t g(-E) t q(e) 

^^; // < ^ < 1, I = I - f , i = i + I + |, then for any N and u 



3_2_3 < l|A^IL,/,-l/4-£||'U| 
9(-e) 






Proof. First we prove (1). For the first inequality, it suffices to prove 

\\{Nu)lh\\hi ^ ||iV||^-i/4-.||(/^)w|l5i/44 



9(-e) 



9(e) 



By dyadic decomposition, we have {Nu)lh = '^ki<k2-5^kiNPk2U. Then by Holder 
inequality, we get 

\\{D){Nu)lh\\l^ 

fc2 A;i<fc2— 5 

<(^| J2 2'=^(^+^)2'=^(-i-)||P,,iV||,(_,)(l + 2'=^)||P,,..||,(,) 

k2 ki<k2—5 



2N1/2 



< 



B 



-1/4- 
9(-e) 



1(^)^1 



S1/4+E. 
9(e) 
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Similarly, for the second one, we get 

\\{D){Nu)hh\\l2 < Yl \\Pk,N\\,^^e)il + 2''')\\Pk,u\Ue) 
\ki-k2\<4. 

<||iV||^-V4-.||(Z^)«||^l/4+.. 
<?(-£) 9(e) 

For (2), as {Nu)aL is supported in a fixed band |^| ~ a, then we have 

\\{Nu)aL\\ , ,, .i-i-i ^ \\iNu)aL\\rS'rf> <\\Na\\r2r,(-e)\\u<a\\ 2 6 



{D)-'LfB^, ^ 



i2^9(-.)||^<a|| 2 6_. (3^7) 



Thus (2) follows by Sobolev embedding and interpolation. D 

Remark 2. In application, we will use Lemma 13.21 (2) by fixing a 6q such that 
< 6*0 < I — y. By this choice, {q,f) is admissible to apply Lemma ETT] (1). 

Lemma 3.3. (1) For any u, we have 

\\D{uu)hh\\lIli < ||u||^2^i/4-.||(/^)m||^2^V4+.. (3.8) 

t 9(-e) t q{e) ^ ' 

i2)lj^<e<\,\ = \-\,\ = \^\-%, then 

PWaL+La||^^,^J-i-| < II (^)«lll^^i2ni2^V4+. • (3.9) 

Proof. The proof is similar to that of previous lemma. We omit the details. D 

Remark 3. In application, we will use Lemma 13.31 (2) by fixing a 6q such that 
< 6*0 < 4:6. By this choice, (g, r) is admissible to apply Lemma [XT] (2). 

3.2. Boundary terms. Next, we estimate the boundary terms. 

Lemma 3.4. For any Nq and uq, we have 

\\Vl{Nq,uq)\\hi ~ II^oIIliIImoII//!, \\DVl{uq,uo)\\li ~ ll^o||i/i|ko||i/i- 
As a consequence, for any N and u 

\\^{N,u)\\l^HI ~ \\N\\LfLl\\u\\LfHl, \\DVL{u,u)\\l^l2^ < ||m||loc^i||u||loo^i. 

Proof. We only prove ||r2(A^O)'?^o)||_H'i ^ II-^oIIlI ||uo||_h-i, since the others are similar. 
By Plancherel, Young and Schwarz we have 



mNo,uo)\\m^< 



\v\ ^l^o(^-'7)| ■ \uo{v)\dr] 



1 f (3.10) 

< iiA^oiiL|iiier'^oiiLj < iiiVoiiL^iiier'(o iIl|II(o«o||l| 

< II^^oIU2||mo||//i- 

n 

To handle the other component, we will need the following Coifman-Meyer type 
bilinear multiplier estimates: 

Lemma 3.5. Let T^ be the bilinear operator on W^{n > 1) 

TUf,9){x)= [ m{^,7^)f{09{v)e''^^-''^d^dv. 
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Assume m is bounded and satisfies for all a, (3 

^d^,m{i,r^)\<C^p\i\-\'^\\i^\-\^\. 
-(f 1 < P, Q', ''" < oo and 1/r = 1/p + 1/q, then for any ki, k2 E'L we have 

\\Tm{PkJ\PkMLr<C\\f\\L4g\\L.. 

Proof. We can write 

Tm{Pkif, Pk29){x) = / K{x -y,x- y')f{y)g{y')dydy' 

where the kernel 

K{x,y) = J m{^,7^)xkA0XkMe'''^^'''d^dv. 

From the assumption on m, and integration by parts, we get a pointwise bound 

\K{x,y)\ < 2^^"(1 + |2'=ix|)-"-^2'^2"(l + \2''^y\)-''-\ 

Thus the lemma follows from Holder's inequality and Minkowski's inequality. D 

Lemma 3.6. For any N and u we have 

||(D)fi(iV,M)||^,^V4+. < \\N\\L^vi\\u\\LiHl, 

, ^ ' '''' (3.11) 

t <j{-e) 

Proof. For the first inequality, it suffices to prove 

By Sobolev embedding, we get \\{D)Q{N,u)\\j^i/i+e < \\D{D)fl{N,u)\\i2. It is easy 

9(e) 
to see that D{D)Q{N,u) is a bilinear multiplier with the symbol 

{. ^ _ 1^ + ^1 (^ + V) J22k^a X<kMv)Xk{0 

'^IS) V) ~ If- I 19 I I I I lf-19 ' 

and m satisfies the condition in Lemma 13.51 Thus applying dyadic decomposition 
and Lemma 13. 5[ we get 

|2N|1/2 
k'/ ki<k'2—5 

^(E( E \\P>'2N\\L4PkMoofy^'<\\N\\Ll\\u\\H^^ 
fc2 ki<k2~5 



\D{D)n{N,u)U2<(J2\\ Y. D{D)Q{P,,N,P,,u)\\lj 



where we used J2k^<k2-5 \\PkM\oc < Efci<fe-5 2^'^^ll^fci«ll6 < MIh^ 
Similarly, for the second inequality, by Sobolev embedding we get 



9(-e) 
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and D^Q behaves similarly to D{D)Q. Then applying dyadic decomposition and 
Lemma [3. 5 [ we get 



\l)'^' 



fe2 fcl<fc2— 5 

^2^1/2 < 
" \\ -^ K2 "' W J^" W -"^ Kl "' W oo 

k2 fci</c2— 5 



~E^ Yl 2 '''/'||Pfc2w|UHI^fciW||ooJ-J^'-^ ||M||L?||M||i6. 



Thus we finish the proof of the lemma. D 

3.3. Cubic terms. Finally, we deal with the cubic terms. 
Lemma 3.7. For any N and u we have 

Proof. As in the proof of previous lemma, applying dyadic decomposition and Lemma 
13. 5[ we get 

k2 ki<k2—5 

^(E( E \\P>^MlL4PkM\L^)r^'<\\{D)u\\l,\\u\\,.. 

k2 ki<k2—5 

Similarly, for the second inequality, we have 



{D)Q{N,Nu)\\^o^^<iJ2\\ E {DMPk2N,PkANu) 



\i/,y^' 



fc2 ki<k2—5 

^(E( E 2-'4Pk2N\\L4PkANu)h.ry/' 

fc2 fci<fc2 — 5 

^(E( E 2-^^+^'iP,,iV|U2||iV|U2||n|Ua)2)V2 

fc2 ki<k2—5 

<Mls\\n\\12, 

and for the last inequality, we have 

\miNu,u)Ui<ij2\\ E 2''^iPk2iNu),p,,u)\\iy/' 

k2 ki<k2—5 

^(E( E {2''r'\\Pk2iNu)h4PkM\L^ry^' (3-12) 

k2 fei<A;2— 5 
<||(Z})«||ie||iV|U.. 

Using Holder in t, we obtain the claimed inequalities. D 
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4. Proof of Theorem 11.11 

Now we are ready to prove Theorem 11.11 The main ingredients are the estimates 
obtained in the previous section. For any (mq, no, rii) G H^{R^) x L^(M^) x H~^{R^), 
we define an operator ^uo,no,ni{u, N) by the right-hand side of (I2.13p - (l2.14p . Our 
resolution space is 

X^ = {{u,N) : Uu,N)\\x = 1|(D)m1| ,^^,^1/4+. + ||iV|Lo.^2nL2B-i/4-. < v} 

t X g(e),2 t X t q( — e),2 

endowed with the norm metric || ■ ||x- 

We will show that $«o,rao,ni '■ X^^ ^ Xj^ is a contraction mapping, provided that 

11 <t^ 1 and (mq, n,o, rii) are sufficiently small. By the estimates in the previous section, 
we have for any [u, N) G X^ 

\\^uo,no,ni{u, N)\\x < \\uo\\m + II'^oHlz + H^lH^-i + (||mo||hi + ||^o||l2 + ll^lllij-i)^ 

+ ||(n,iV)||^ + ||(n,iV)||^<r/ 

if Eq = \\uo\\h^ + ||no||L2 + lln-ill^f-i ^ 1, and we set r] = Ceq. Similarly, we 
can prove ^uo,no,ni '■ X^^ — )■ X^ is a contraction mapping. Our estimates are time 
global, therefore Theorem 11.11 follows immediately. The quadratic terms without 
time integral tend to strongly in the energy space as |t| — !■ oo, so they do not 
contribute to the scattering states. 
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